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ON THE COMMUTATIVITY OF THE ALGEBRA OF
INVARIANT DIFFERENTIAL OPERATORS ON
CERTAIN NILPOTENT HOMOGENEOUS SPACES

HIDENORI FUJIWARA, GERARD LION, AND SALAH MEHDI

ABSTRACT. Let GG be a simply connected connected real nilpotent Lie group
with Lie algebra g, H a connected closed subgroup of G with Lie algebra h
and 8 € b* satisfying B([h,h]) = {0}. Let x3 be the unitary character of
H with differential 2¢/=17(3 at the origin. Let 7 = Ind§xs be the unitary
representation of G induced from the character xg of H. We consider the
algebra D(G, H, 3) of differential operators invariant under the action of G
on the bundle with basis H\G associated to these data. We consider the
question of the equivalence between the commutativity of D(G, H, 3) and the
finite multiplicities of 7. Corwin and Greenleaf proved that if 7 is of finite
multiplicities, this algebra is commutative. We show that the converse is true
in many cases.

1. NOTATIONS AND FORMULATION OF THE QUESTION

Let G be a simply connected connected real nilpotent Lie group with Lie algebra
g and H a connected closed subgroup of G with Lie algebra h. For [ € g*, we denote
by g(I) the Lie algebra of the stabilizer G(I) of [ under the co-adjoint action Ad*
of G on g*. For § € h* satisfying 5([h, h]) = {0}, the homomorphism S induces a
character x5 of H with 2¢/—173 as differential at the origin. We then form the
unitary induced representation 7 = I ndflxg of G in ‘H; realized, in the usual way,
as the completion of a vector subspace of C*°(G, H, (3), namely the vector space of
the C'*° complex functions f on G satisfying the following covariance relation:

(1.1) f(hg) = xp(h)f(g) Vh € HVgeG.
The action of G is given by right translations:
(1.2) T(9)(f)9) = fl9g') Y(g;9') € GXx G VfeC™(G H,Pp).

We denote by K(G, H,T) the subspace of C*(G, H, ) of elements with compact
support modulo H. Then the norm || ||, on K(G, H, T) is given by

(1.3) 17 2= /H\Glf(g) 2 ds

where dg denotes a right G-invariant measure on H\G. The Hilbert space H.
is just the completion of K(G, H, T) relative to this norm. Moreover, the unitary
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representation of G in H, decomposes in a continuous sum of unitary irreducible
representations of G,

€3]
(1.4) T:/ m(m)mdp(r)

el
where m(7) denotes the multiplicity of m and du a Plancherel measure on the
unitary dual G of G. Then we know [3], [II] that for almost all 7 in G, the
multiplicities m(7) appearing in (1.4) either are finite and admit a uniform bound,
or are all infinite. In the first case, we say that 7 is of finite multiplicities.
Finally, let D(G, H,3) be the algebra of linear differential operators leaving
C*>(G, H, B) invariant and commuting with 7, that is

(1.5)
D eD(G,H,B) < D(r(9)f) = 7(9)(Df) Vg€ G VfeC?G, HPp).

Corwin and Greenleaf established in [5] the commutativity of D(G, H, §) when 7 is
of finite multiplicities and they asked the question:

(%) Is T of finite multiplicities if D(G, H, 8) is commutative ¢

Before we turn to the study of this question, we first recall some facts about
parametrization of unipotent actions on vector spaces [12].

2. ORBITS OF H IN g*

Suppose we are given a m-dimensional vector space V admitting a unipotent
action of H. Let {Yi;---;Y,,} be a basis of V such that the subspaces V; =
@;’;jﬂ RY; of V are H-stable for all 0 < j < m with V;,, = {0}. We consider the
multi-index e() defined by (eg(¥);- - ;em(¢)) for all p € V, where e;(¢) is the
dimension of the H-orbit of the projection of ¢ on V/V;. We then denote by ¥ the

set of all possible multi-indexes, that is

(2.1) Y={ecN" |IpecV, e=e()}.
This defines a stratification of V in layers U, of H-orbits, more precisely [4]:
(2.2) V= U U, where fore € ¥ and U, ={¢yp € V | e(¢)) = e}.

ey

It happens that among these layers U, e € X, there exists one, and only one,
which is a non-empty Zariski open subset of V. We shall call it the generic layer
(associated to the action of H on V), and we will denote it by V9¢"¢. Note that
V9ene ig just the subset of V' of elements for which the dimensions of H-orbits in
V/V; are maximal for 0 < j < m. We shall say that a 1 in V9"¢ is generic in V/,
and the dimension of the orbit H -1 will be called the generic dimension of H-orbits
inV.

In the sequel, we will consider a particular V. More precisely, fix a sequence
{0} =go C g1 C - C gn = gof subalgebras of g satisfying the following conditions:

- the subalgebras g; are of dimension 7; they are normalised by the action of H.

- for a certain index p, the subalgebra g, coincides with b.

We choose a weak Malcev basis {X;, 1 <14 < n} of g through § associated to the
sequence (g;, 0 < ¢ < n) such that for all ¢ € {1,...,n}, the vectors {X;, 1 <j <}
form a basis of g;. We say that {X;, 1 <i < n} (resp. (gi;, 0 < i< n))is a weak
Malcev basis (resp. sequence of subalgebras) of g through h. As usual we denote
by {X}, 1 <i < n} the dual basis of {X;, 1 <i < n}. Then we put V = g* and
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V; = gj‘ = ®Z=j+1 RX; for 1 < j < n. Here we consider the unipotent action of
H on V = g* given by the restriction to H of the co-adjoint action of G on g*. In
particular, the layer V9¢¢ defined before will be denoted by g*9¢"¢. This defines
a stratification of g* in U,-layers.

Next, denote by Qg m s the space of all continuations of 3 to V. There is in
{Ue, e € £} a unique layer intersecting Q¢ m,g in a non-empty Zariski open subset
(Section 2 of [5]). We will call it the generic layer associated to the data G, H

*,gene

and 3, and we will denote it by g 1.5- We shall say that an element ¢ in Qc H,B
contained in g;%"; is generic in Qg m,6.

Remark 1. Tt is important to note that the layer g*9°"¢ does not necessarily in-
tersect Q¢ m,3. Indeed, a family of simple examples where the condition g*9¢™¢ N
Qa.up # 0 is not satisfied is the Heisenberg group with § containing the center
and [ vanishing on the center. More precisely, let g = RX ®RY ®RZ with bracket
relation [X,Y] = Z. If h = RX ® RZ and § = X*, then Q¢ mg = X*+ RY™* and
gt = {zX* +yY* + 2Z* € g* | z # 0}, which shows that g*9"¢ N Qg g g = 0.

Finally, for [ € g*, we denote by B; the antisymmetric bilinear form on g given
by B;(X,Y) =([X,Y]). It is well known [3], [11] that the two following conditions
are equivalent:

(C1) 7 is of finite multiplicities.
(C2) b+ g(l) is lagrangian in g relative to B; for all generic | in Q¢ i g.
If the second conditon is satisfied, we say that h+ g(l) is generically lagrangian in g.
It turns out that question 6 asked by Duflo in [7] is, in the case of a simply connected
connected real nilpotent Lie group, exactly the same as the above question (x) of
Corwin-Greenleaf.

More precisely, consider the following assertions:

(i) D(G, H, ) is a commutative algebra.

(#4) b+ g(l) is generically lagrangian in g.
(¢i7) H -1 is generically a lagrangian submanifold of G - I relative to B; : (X,Y) —

(X, V).

Note that (i) < (4i%) is obvious, since if h+g(l) is lagrangian in g, then dim H -l =
2 dim G-1. But (ii) = (i) is a fundamental result proved by Corwin and Greenleaf
in [5]. Baklouti and Ludwig have studied in [I] the implication (i) = (ii) when b
is an ideal of g. In the sequel, we shall study the implication (i) = (i%) in more
general cases.

3. A FIRST RESULT ON THE COMMUTATIVITY OF D(G, H, 3)

The description of D(G, H, 3) given in [6] in terms of the enveloping algebra U(g)
of the complexification of g will be useful. Let ag be the vector subspace of U(g)
generated by the X + 2v/—173(X), X € b, and let U(g)ag be the left sided ideal
of U(g) generated by ag. If U(g, b, 3) denotes the subalgebra of U(g) defined by

(3.1) U(g,h, ) ={Aecl(g) | YW eb, [AW]ecU(gas},

then the left action L of U(g), defined for Y in g and f in C*°(G) by
d

(32) LOY)()(9) = (e g) o,

induces the algebra isomorphism Lg: U(g, b, 5)/U(g)as ~ D(G, H, 3).
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Next, in the usual way, we shall denote by S(g) the symmetric algebra of g and
by o : S(g) — U(g) the symmetrization map. We still denote by Ad (resp. ad)
the natural continuation of the adjoint action of G (resp. g) in a G-action (resp.
g-action) on S(g) and U(g). Moreover, we shall identify an element of S(g) with a
polynomial function on g*.

Remark 2. F. P. Greenleaf has also obtained the following theorem with a different
proof [10].

Theorem 1. Let G be a simply connected connected real nilpotent Lie group with
Lie algebra g, H a connected closed subgroup of G with Lie algebra b and B € bh*
such that 3([h,h]) = {0}. We assume that the unitary representation T = Ind%xz
of G is of infinite multiplicities. Let Gy be a connected subgroup of codimension
one of G with Lie algebra go containing b and such that the unitary representation
T = Indgoxg of Gy is of finite multiplicities. If we suppose that there is an element
W of U(g, b, 5) such that W & U(go) + U(g)ag, then there exists an element T of

U(go, b, B) satisfying [W,T] & U(g)ags.

In other words, if D(Gy, H, ) is properly imbeded in D(G, H, ), then D(G, H, [3)
is not commutative.

Proof. We shall frequently use in the sequel the following property: let € be a
subalgebra of codimension one of g, and [ be in g*, then the dimensions of g(I) and
of ¢(l},) differ by 1, and one of those subspaces is imbedded in the other, (see [2],
Lemme 1.1.1, p. 49). In the case where g(I) C ¥(l},), one has that the dimension
of G.I is bigger by 2 than the dimension of K.(I|,) where K = exp(t), and the
dimensions of polarizations in g and ¢ are the same. In the other case, the orbits
G.l and K.(I},) have the same dimension, whereas the dimension of polarizations
in g is bigger by 1 than the dimension of polarizations in &.

Let us recall that the finite multiplicities situation is characterised by the fact
that generically on Q¢ g, the dimension of an H-orbit is half the dimension of a
G-orbit [5] . Thus, under the assumptions of the theorem, we have g(I) C go.

Next, we proceed by induction on the dimension of G and the theorem is sup-
posed to be true for all groups of dimension at most n— 1, where n is the dimension
of G. Let Z be the center of g. We shall consider two main cases depending on
whether Z is included in b.

1) Case: Z C b and ZN Ker(B) # {0}. In this case, we apply the induction hy-
pothesis to the quotient group with Lie algebra g/(Z N Ker(53)).

In the following cases 2), 3) and 4), we have Z C h and Z N Ker(3) = {0},
so that the center Z of g is necessarily one-dimensional. We put Z = RZ with
B(Z) = 1. Moreover, it is easy to check the existence of elements X of g and Y of
go such that [X,Y] = Z. In the sequel, we shall denote by ¢ the centralizer of Y in
g and by K the connected subgroup of G with Lie algebra £.

2) Case: ZCh, ZNKer(B)={0},hCtandY €bh. Let | be an element of g*
satisfying I(Z) # 0, (since B(Z) = 1, this condition is satisfied by any element
of Qg m,5). One has £([},) = g(I) ®RY. And, as we noticed before, the dimension
[dim(g) + dim(g(1))]/2 of a polarization of g at a point [ € g* is the same as the
dimension [dim(€) + dim(E(l},))]/2 of a polarization of £ at the point /|, € €. More-
over, we also have b + £(/|,) = b + g(I). Next, we choose a weak Malcev basis of
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g passing throught h and €, and we consider a generic element [ in Q¢ g 3. Then,
the equivalent conditions (C1) and (C2) of Section 2 show that the multiplicities of
the representations 7 = Ind%yg of G and 7/ = IndX ys of K are of the same type,
that is, both infinite. But 79 = Indfloxg is supposed to be of finite multiplicities,
so one has go # ¢.

On the other hand, for I € Qg m,g, we have (go N €)(I|, ) = go(l},,) & RY.
Choosing a weak Malcev basis of g passing through b, go N ¥ and gg, we see that
the unitary representation 7§ = I ndg‘mK xg of Go N K is, as the representation
0 =1 ndgoxg of Gy, of finite multiplicities. Let us write the element W of the
theorem in the form W = Z?ig XJU; with U; in U(®). Since the element Y is in
b, the elements ad(—Y)"(W) = rlZ"U, and U, are in U(g)ag for all  # 0. Thus
we can suppose W = Uy is in U(&, b, 5). Finally, for W € U(%, 5, 5), we apply the
induction hypothesis to K and G N K with the representation 7/ = IndXys and
T,=1 ndg‘)mK X3 respectively.

3) Case: ZCh, ZNKer(f)={0},hCtandY ¢h. i) go =L

The element Y is in U(go, h, 3) and satisty [W,Y] & U(g)ag. We take T' =Y.

i) go #tand W € U(E) +U(g)ag.

We still can choose T to be the element Y.

i1i) go # tand W € U(¥) + U(g)ags.

We consider the inclusions: (go N€) C go C g and (goN¥€) C € C g. Let ! be in
g* with I[(Z) # 0. We denote by d the dimension of g(I). Under the assumption of
the theorem, as we have already remarked at the beginning, we have g(l) C go, so
that the dimension of go(/|, ) is d + 1. The dimension of £(/},) is also d + 1 because
the element Y of £(/;,) does not belong to g(l). Moreover, Y is in (go N €)(l |(g,ne))
but is not in go(l},,). In other words, the dimension of (go N €)(I |(gone)) is d + 2.
Thus, the representation 7/ = Ind% x5 of K is necessarily of infinite multiplicities.
Indeed, the representation 1) = I ndgnco X has finite multiplicities and, from the
previous calculus of dimensions of stabilizers, we deduce that if the representation
7' = Ind%xs of K had finite multiplicities, the dimensions of H—orbits for generic
l € Q¢ s would increase when passing from K NGq to K, which makes impossible
the existence of an element W € U(¥) + U(g)ag that is not in U(¢ N go) + U(g)ag
as it is shown in [5]. Finally, we apply the induction hypothesis to K and Gy N K
with the representation 7 and 7 respectively.

4) Case: Z Cbh, ZN Ker(B) = {0} and h ¢ £. Note that, since h C go, one has
necessarily go # €. Let us write go = (goN€) ®RX, with X € b, so that g = tORX,
and denote by (3 the restriction of § to hNe. Let [ be an element of Q¢ g 5. We have
I(Z) # 0. Then £(I},) = g(I) DRY, so that (hN€)NE(l},) = hNg(l), since h ¢ & This
forces the vector spaces h +g(/) and (hN€) +¥€(/|,) to have the same dimension. It
follows that if the first subspace is not lagrangian in g, the second is not lagrangian
in €. Hence, choosing sequences of subalgebras and using equivalence of conditions
(C1) and (C2), we obtain that the representation 7 = IndﬁmKXB of K is of
infinite multiplicities. On the other hand, we have (go N €)(I [gone) = go(l},,) ®RY
and dim(h + go(l |g,)) = dim((h N €) + (go N E)(I |gone)), which imply that the
representation 7o = I ndgomr}? Xj of Gy N K is of finite multiplicities.

Moreover, W can be supposed to belong to U(t, h N &, B) since g = ¥ ® RX with
X €, and X = —2v/—174(X) modulo ag. We apply the induction hypothesis to
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K and GgN K with the representation 71 and 75 respectively to obtain an element
T in U(go NE,hNE,B) such that [W,T] & U(E)as.

Next, let X3 = Y and X;,i € {2,---,q}, be in go N ¢ such that if we put
gi =hORX; ®RX, @ --- @ RX; with g, = go, then the sequence of subalgebras
(gi)i=1,.-- ¢ of go is Jordan-Hdlder for the action of H on go. It is interesting to
notice that the sequence (g;)i=1,... 4, with g; = (h N¢) ®RX; & --- ® RX; is also
Jordan-Hélder for the action of H N K on go N¢t. We put G; = exp(g;) and
G = exp(g;) for i =1,---,q. Then the dimension of generic H-orbits in Q@j,Hﬂ
is bigger by one than that of generic H N K-orbits in Qéj,HnK,B'

On the other hand, since the representations 7p = [ ndflo xg of Gp and T =
I ndg?%? X5 of Gy N K are of finite multiplicities, there are elements {71, , 7}

of U(go, b, s) and {(§0 =Y, 01, - ,6;} of U(go Nt H N E,@) given in [B], such that
the families {y; = L(5) | i = 1,---,r} and {6 = L(§) | i = 0,---,r} are
rational generators of D(Gy, H,3) and D(GoN K, H N K, B) respectively. To sim-
plify, we shall call the 7;’s and §;’s, the Corwin-Greenleaf generators of D(Gg, H, )
and D(Go N K,H N K, B) respectively. Note that D(Go, H,3) is contained in
D(GoNK,HNK, B) Moreover, we may suppose that for the element T above,
L(T) is one of the Corwin-Greenleaf generators of D(Go N K, H N K, 3). Thus,
since [W,Y] = 0, we denote by &, the first element of {01, --,d,} satisfying
050, W] ¢ U(t)asz. Then, from [5], one can find polynomials A, B and C of jo
variables such that A(do,- - ,05,—1)vj, = B0, -+ ,djo—1)0j, + C(d0, -+ ,0j0—1),
with A(do, -+ ,dj,—1) and B(dg,- - ,0;,—1) non-zero.

It turns out that [¥;,, W] & U(g)ag. Indeed, because D(G, H, ) has no non-zero
divisor of zero, we have A(d1,- - ,8jo—1)[Vjo, LW)] = B(d1,- -+, 65o—1)[05o, L(W)]
# 0, so that [vj,, L(W)] # 0. Hence, we can choose T' = 7;,, that is L(T) is the
Corwin-Greenleaf generator «;, of D(Go, H, ).

5) Case: Z ¢ . First, remember that an immediate consequence of the assump-
tions of the theorem is that Z is embeded in gg. Next, let Z be in Z which does
not belong to h. Denote by §’ the subalgebra h RZ of g and by H' the connected
subgroup of G with Lie algebra . Let ¢ be a generic element of Q¢ m,8 and put
a = ¢(Z). Define, as usual, the character y, of H' by xo(e¥) = e2V=1mo(U) for
all U € b, so that the unitary representation v =1 ndfl‘? X¢ of Gy is of finite
multiplicities. Let h ChHERZ C heRZPRX; CHERZGRX1GRX, C--- C go
be a Jordan-Holder sequence for the action of H on gg, and consider the se-
quence bl - f)l ® RX; C f)l @ RX; @ RXy C -+ C go which is also a Jordan-
Hélder sequence for the action of H on go. Actually, since H and H have the
same orbits in go, if {1 = L(Z),v2, -+ ,74} is a set of Corwin-Greenleaf genera-
tors of D(Go, H,3), then {vs,---,7v4} is a set of Corwin-Greenleaf generators of
D(Go, H', ¢). Any Corwin-Greenleaf generator of D(Gy, H,3) can be represented
in U(go, b, B)/U(go)ag by an element C' = 3°  a,,, 2" X{" - - Xp? of U(go, b, B).
And observe that any element of U(go, h,3) belongs to U(go, b, ¢). Actually, C
acts on C=(Go, H ,¢) as Cla) = ZV’MGVW(—Z\/—_lWa)”Xfl - Xp?. On the
other hand, the element W of U(g,h,5) acts on COO(G,H’,¢) as W(a), so that
[W (), C()] = [W,C)(a) on C>(G, H', ¢). Moreover, one can choose « in such a
way that W = W(a) + (W — W(a)) = W(a) + W[Z 4+ 2¢/—1ra], with W € U(g)
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and W (o) & U(go) + U(g)ag. If Z ¢ b, taking an element in Z which does not
belong to ', we apply the same procedure as above. After a finite number of steps,
we get, instead of b, a subalgebra containing the center Z of g. In this case, we
just apply the results of the previous cases and we choose for the element 7" one of
the Corwin-Greenleaf generators. O

3.1. The case where (g;) is a reductive pair. We say that (g; ) is a reductive
pair, if there exists a vector subspace m of g such that g = @ m and [h, m] C m.

Corollary 1. Let G be a simply connected connected real nilpotent Lie group with
Lie algebra g, H a connected closed subgroup of G with Lie algebra b and 3 € h*
such that 5([h,h]) = {0}. Suppose that (g;b) is a reductive pair. Then the assertions
(1), (7) and (ii3) of Section 2 are equivalent.

Proof. (i) = (4i): Under the notation of Section 2, we take V' = m*, which could
be identified to Qg H,3, so that we have the unipotent action Ad* of H on V. Let
go be an ideal of codimension one of g containing h and Gy = exp(gp). One can
suppose that 7 = Indgoxg is of finite multiplicities. Then, the H-orbits in V'
have generically the same dimension as the H-orbits in (m N go)* (that is the H-
orbits in V are generically not saturated in the direction (m N gg)+). This implies
the existence of an H-invariant homogeneous polynomial P on V which does not
belong to S(mNgo) (Theorem of page 55 in [I2]). On the other hand, since (g; b) is
a reductive pair then it is easy to check that the symmetrization map o is a vector
space isomorphism between S(m)¥ and U(g, b, 8)/U(g)ag. In particular, o(P) is
a non-zero element of U(g, b, B) satisfying o(P) & U(go) + U(g)as. So Theorem 1
above applies to W = o(P).

For (it) = (i4i) and (4i3) = (i) see the end of Section 2. O

Remark 3. An interesting consequence of the Corollary 1 is that if H is one-
dimensional then the assertions (¢), (i7) and (ii¢) are equivalent. Indeed, if b is
a one-dimensional subalgebra of g, then it is easy to see that (g;h) is a reductive
pair [5].

Remark 4. Another consequence of the Corollary 1 is the case where Ker(() is an
ideal of g. In this case, we just apply the Remark 3 above to the one-dimensional
quotient h/Ker(f).

4. A SECOND RESULT ON THE COMMUTATIVITY OF D(G, H, 3)

Here we explain, precisely, how to construct, in some cases, the element W of
Theorem 1. We keep the previous notation. In particular, remember that o :
S(g) — U(g) denotes the symmetrization map, and L is the left action of U(g) on
C*°(G) defined by (3.2).

4.1. Preliminary results.

Lemma 1. Let m be an ideal of codimension one in g such that g = m @ RX. If
P e S(m), then (PX) = o(P)X + Q where Q € U(m).

Proof. Let k > 1. If I, = (i1, ,ix) € [1;m]*, we define P, = X;, --- X;,. Let

P € S(m) be of degree d, such that P = ZZ=1 > npetim]r @5 P, with ag, € C.
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Thus, we have

(4.1) 2: Yooa k+1,§:2: X))

k= 1Ik61m peSE j=0

where Sy denotes the symmetric group of k elements, and, for all 0 < j < k,
Tj(Xu(il) e 'Xu(ik)) = Xu(il) e 'Xu(ij)XX 'Xu(ik)' Remarking that

n(ije1)

(4.2) Tj( Xy Xutin) = Tjrr(Xugin) - X)) + €0 € U(m),
we get that
(4.3) Ti(Xugin) -+ X)) = Xty - X X + 4, ¢ € U(m),
SO
d
o(PX) = Z Z 7 Z XH('Ll) H(ik)X +Q
(4-4) k=1 I,€[1;m]* HESK

o(P)X +Q, Q€U(m).
O

Now let {X1,---,X,,} be a basis of g, such that {X1,---,X,} is a basis of h and

sup(j,k)—1
(4.5) X5, Xl = > a( k)X, with a(jk) € R.
=1

Moreover, for all f in C°(G, H, 3), we define a function f* on R™ by

(4.6) Pian, e o) = Flexp(arX1) - exp(anXy)).
If X; is in g, we put
(4.7) [LOXH)F(f5) = [LXG) (N Ve CX(G, H,p).

This definition extends naturally to U(g).

Lemma 2. We have
(4.8)

[L(X-)]u: 2\/ Wﬂ( )Id Zf 1<j<p,
! axj { p+1 Uoy; 39“ —2y—1r f=1 qf(X)Id if p+1<j<n,

where the q; are polynomials in variables x1,--- ,x;_1 such that ¢;(0) = 0.
Proof. Let f € C*(G, H,3). By definition, we have
[L(X;)]f(exp(x1X1) - - - exp(anXp))

= %f(exp(—th) exp(z1X1) - - - exp(znXn)) |i=o -

Then we have to consider the two cases 1 < j<pandp+1<j<n.

(4.9)

Case: 1 < j < p. Since f is H-covariant, it follows that
(4.10)
[L(X,))f (exp(a X1) - explan X))

— %exp( 2\/—_17rt6(Xj))f(eXp(x1X1) e oexp(TnXn)) |imo
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which means that
(4.11) [L(X )] = -2V-1nB(X;)Id V1<j<np.
Case: p+ 1 < j <n. First note that

exp(—tX,) exp(z1X1) - - -exp(znXy)
(4.12) = [ ] exp(Ad(exp(—tX;)(zx X)))]
k=1
X exp(( T t)X )exp(x]JrlXjJrl) exp(ann)a

where
Ad(exp(—tX;))(xx Xg) = [exp(—tad(X;))](zxXk)
j—1
(4.13) = Xy —toy Y Pk, 0)X) VI<k<j-1,
=1

where Pj(k,t) is a polynomial in the variable ¢t. Moreover, the Campbell-Hausdor{f
formula in [4] allows us to write that

(4.14)
Jj—1 j—1 Jj—1 Jj—1
H exp(zr Xy — txg ZPl(k;, ) X)) = exp(z TpXp — thl(j —1;t,2) X))
k=1 =1 k=1 =1

where ¢;(j — 1;¢,z) is a polynomial in the variables ¢ and = (z1,--- ,xj_1) such

that ¢ (7 — 1;¢ O) =0foralll << j—1. The idea is then to rewrite the right
side of (4.14) as follows:

(4.15)
j—1 j—1
exp(Y_xi Xy —t > q(j — 1;t,2)X))
k=1 =1

= exp Zkak — thl —Lit, ) X; + (xjo1 —tg—1(j — L;t,2)) X-1)

= exp Zkak — thl —Lit, )X+ (xjo1 —tg—1(j — Lit,2)) Xj-1)

X eXp( (fﬂg 1 — bgj- 1( =Lt x)Xja)exp((zj-1 — tgj—1( — 1;,2)) Xj1).
Again the Campbell-Hausdorff formula implies that
(4.16)

exp( Zkak—thl —1;t,2)X))

= exp( Zkak —thl —2;t,2) X)) exp((xj—1 —tgj—1(j — 1;t,2)) X;-1)
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where ¢;(j — 2;¢, ) is a polynomial in the variables ¢t and z = (x1,--- ,x;—1), such
that ¢;(j — 2;¢,0) = 0. We apply the same process to
j—2 j—2
exp(z xp Xk —t Z a(j —2;t,x)X;).
k=1 j=1

After j — 2 steps, we obtain that

(4.17)
Jj—1 j—1 j—1
exp(>_wxXi —t > (i — Lit,2) X)) = [ [ exp((xr — tar(k; t,2)) Xi)
k=1 =1 k=1

where, for all 1 < k < j — 1, gx(k;t,z) is a polynomial in the variables ¢t and
x = (21, -+ ,x;—1) such that ¢z(k;t,0) = 0. Thus, we have

(4.18)

d )
= Efn(an —tq(Lit,x), - w1 —tgi—1(f — Lt @), 25 — b xjqn, o ) Je=o -

If we put ¢x(z) = qx(k;0,2), 1 < k < j — 1, we obtain the result using the H-
covariance of f in C*(G, H, (3). O

As we said before (Section 3), we view the symmetric algebra S(g) (resp. S™(g))
of g as the algebra C[g*] of polynomials (resp. polynomials of degree m) on g*.
Denote by S(g)¥ (resp. S™(g)¥) its subalgebra of H-invariant polynomials on g*
defined by

(4.19) Clg*]¥ ={P € C[g"] | Ad(h)(P)(1)=P()Vh € H VI € g*}.

It is clear that any polynomial on g* can be written as a finite sum of homogeneous
polynomials. Then we have

(4.20) VmeN VY € H VP € §™(g), ad(Y)(P) e S™(g)
so that
(4.21) Se)" =P s(@".

m>0

On the other hand, using the basis {Xi,---,X,} defined by (4.5), we write for
multi-indexes in N*, (v,a) = (v1, -+ ,Vp,Qpt1, -+ ,n). Then, following the
Poincaré-Birkhoff-Witt Theorem, any element of U(g) can be written as
> Ay X X0 X XD
(a,v)EN?—PXNP
= Z Ay,o X X" with a, o € C.
(o,v)EN"—P X NP

(4.22)

However, to avoid confusion between U(g) and S(g), we shall use small letters for
the basis of g defined by (4.5) to write any polynomial on g* as

(4.23)

Qy .
E Ay T -+ - xpfllx;f’ cegt = g ayox®z” with a, o € C.

(o,v)EN?—P X NP (a,y)EN"—P xXNP
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As usual, if A € N” is a multi-index, we shall denote its length as the number
IA| = Y"1_; Ak; so that the degree of the element 2 (vayenn Ara X X" of U(g) is
the number |a| + |v|. In the sequel, we shall denote by U, (g) the vector subspace
of U(g) of the elements with degree at most m.

Lemma 3. Let G be a simply connected connected nilpotent Lie group. Assume H
is a commutative subgroup of G. Let P be an H -invariant homogeneous polynomial
on g* such that P does not vanish identically on g*. Then there exists a non-empy
Zariski open subset O of b*, such that for all B in O, we have (Lgoo)(P) #0 in
D(G, H, 3), where Lg is the isormorphism induced by (3.2).

Proof. Suppose that P is a homogeneous polynomial of degree d which does not
vanish identically on g*. We can write as in (4.23):

(4.24) P = Z Gy, "

(a,v) ENP—P X NP
lal+|v|=d

with a, o in C. Then applying the symmetrization map to P, we get

(4.25) dP)= Y (a.aX"X"+Wa,)
(e,v)ENT—P X NP
|| +|v|=d
where
(4.26) W, = > by o X* X

(a’ v )yenn—p xnp

o [+ [ <|al+]v|
Actually, we can rewrite (4.25) as follows:

(4.27) P = 3 XY aa X'+ S b XY

aENn—P v ENP o enp
vl=d—la| v |<d—|a

Let us define the polynomial P, on h* as

(4.28) Po = Z Qapx” + Z b T,

vENP v enp
|v|=d—]af W | <deal
such that
(4.29) (Lgoo)(P)= > Pa(-2V-1nB)X".
aENn—P
Define the subset Ap of multi-indexes in N®~? by
(4.30) Ap ={a e NP | P, #0}.

Since P does not vanish identically on g*, there exists a multi-index « in N™7P
such that P, does not vanish identically on h*, so that the subset Ap is not empty.
Next define the variety Mp of h* by

(4.31) Mp = [ {Pa=0}.
ac€Ap

It is clear that Mp is a non-empty Zariski closed subset of h* which differs from
h*. Then we define Op as the non-empty Zariski open subset of h*:

(4.32) Op =h* \ Mp.
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On the other hand, for all linear forms [ in h*, define the subset Ap; of Ap by
(4.33) Ap={a € Ap | Pa(l) # 0}.

Note that if [ is in Op, then Ap; is not empty.
Finally, fix 8 in Op. Let £ be an element of maximal length in Ap 3. We define
a function ¢¢ in C*°(G, H, () as follows:

(4.34)

Pe(exp(t1X1) -+~ exp(tnXn)) = Xp(exp(ti X1) - exp(tyXp)) (~tps1) 74 - (—tn)*.
¢¢ is a homogeneous function of degree | € | in the variables ¢,y1,--- ,t,. Using
Lemma 2 together with (4.29), we obtain that

(4.35) (L 0 0)(P)(67)(0) = Pe(—2v=TmB)tps! - tnl.

We have [(Lg o o)(P)]n(cﬁg) # 0. Hence [(Lg o 0)(P)](¢e) # 0. This shows that
(Lgoo)(P)#0. O

4.2. A second theorem.

Theorem 2. Let G be a simply connected connected real nilpotent Lie group with
Lie algebra g, H a connected closed commutative subgroup of G with Lie algebra b.
Consider a weak Malcev basis passing through b. Then, if b+ g(l) is not lagrangian
in g for generic I in Q¢ g, the algebra D(G, H, B) is not commutative, for all 3
in a non-empty Zariski open subset of h*.

Proof. Let go be an ideal of codimension one of g containing h and Gy = exp(go).
One can suppose that 7p = I ndg‘) X3 is of finite multiplicities. Under the notation
of Section 2, we take V' = g*. So it is clear that V9¢"* N Q¢ g g # 0 for almost all 5
in h*. Under the assumptions of the Theorem 2, the Pukanszky parametrization of
the H-orbits in g*, outlined in Section 2, gives a non-zero H-invariant polynomial P
on g* such that P ¢ S(gop). Moreover, using (4.20) — (4.21), one can suppose that P
is homogeneous. Then, from Lemma 3, o(P) & U(go) +U(g)ag and (Lgoo)(P) is a
non-zero element of D(G, H, 3), for all 8 in Op, as defined by (4.32). Thus, we apply
Theorem 1 to get an element T of U(go, h, 3) such that [(Lgoo)(P), Ls(T)] # 0 in
D(G,H,f). O

4.3. The case where | is an ideal of g.

Corollary 2. Let G be a simply connected connected real nilpotent Lie group with
Lie algebra g and H a connected closed normal subgroup of G with Lie algebra b.
Then, for almost all 5 in b* satisfying B([h, b]) = {0}, the assertions (i), (it) and
(#91) of Section 2 are equivalent.

Proof. (i) = (ii): Under the notation of Section 2, we take V = [p, ]+ and we
choose 3 in the fundamental layer of V' to apply Theorem 2.
For (it) = (i4i) and (#i%) = (i) see the end of Section 2. O

5. CHARACTERIZATION OF D(G, H,3) IN TERMS OF THE ALGEBRA OF
Ad*(H)-INVARIANT RATIONAL FUNCTIONS ON Q¢ .3

We shall denote by 7 the representation associated to | € Q¢ mg/H by the
Kirillov map and by dfi the image on Q¢ i,3/H of the Lebesgue measure on Q¢ g 3.
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It 6= fo ,,,mbmdill), then
@

(5.1) D¢ = 07 (D, )¢, dis(l) VD € D(G, H, 3)

Qa.u,3/H
where ©7(D,.) belongs to C(Qq m.5)", the algebra of Ad*(H)-invariant rational
functions on Q¢ g . The application ©7 : D(G, H, 3) — C(Qg.u3) is an iso-
morphism between D(G, H, ) and a subalgebra of C(Q¢ g 5)7. Actually Fujiwara
proved that if there exists a common polarization for almost all linear forms on
g whose restriction to h is  or if § is 1-dimensional, then ©7 is an isomorphism
between D(G, H, 3) and C[Qq,u ], the algebra of Ad*(H)-invariant polynomials
on Q¢ m,p [8]. This gives a partial answer to a question of Corwin and Greenleaf
[5], also asked by Duflo (Probléme 3 of [7]) in a more general context.

In the particular cases studied above, we have

Corollary 3. Let G be a connected simply connected real nilpotent Lie group with
Lie algebra g and H a connected closed subgroup of G with Lie algebra . The
following assertions (a) and (b) are equivalent:
- for all B in b* satisfying B([h, h]) = {0} when (g,h) is a reductive pair,
- for almost all B in b* satisfying B([h, b)) = {0} when b is commutative or b is
an ideal in g.
(a) D(G, H, () is a commutative algebra.
(b) D(G, H, 3) is isomorphic, via ©7, to a subalgebra of C(Qc.m ).

Proof. (a) = (b): From Theorem 2 and Corollaries 1 and 2 if D(G, H, 8) is com-
mutative, then 7 is of finite multiplicities, so that the results of [5] apply.
(b) = (a) is obvious. O

Remark 5. Note that in the particular reductive case where H is one-dimensional
(Remark 3) or if H is a normal subgroup of G (Corollary 2), then from [§], the image
of D(G, H,3) under O7 is, actually, the algebra C[Qg u g|" of Ad*(H)-invariant
polynomials on Q¢ g 3.

6. EXAMPLES

In the following examples g will be the real nilpotent Lie algebra of dimension 7
generated by the vectors {X;, 1 <i <7} with the following non-zero brackets:

(X1, X5] = Xo, [X3, Xu] = X5, [ X3, X5] = Xy, [Xq, X7] = X, [X4, X5] = X,

[X5,X6] = X2 and [X4,X7] = —XQ.

Moreover, in the following examples, 7 = Ind$% xp is of infinite multiplicities.
Example 1. Take h = RX; and § = X, Put [ = Y21, &X; with & # 0.
Corollary 1 and Remark 3 apply in this situation. We take the Malcev basis ordered
in the following way: X1, Xa, X3, X4, X¢, X5 and X7. This defines a Jordan-Hélder
sequence of subalgebras of g. It happens that

7 7
Ad* (exp(—tX1)) (Y _&X7) =D &(t) X}
i—1 i—1
with

&i(t) =&, &) =&, &) =E +1t,

Lult) = &+t + 5126, &(t) = &,

E5(t) = & + téa + 5128 + §158,  &(t) = & + t&.
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We parametrize the H-orbits by u = &3 + t€s. The orbit of ¢ is of dimension 1
and is exactly the set {£(u) = > r;(¢,u)X},u € R} where

7'1(67 U’) = §1) 7'2(67 U’) = §2)

r3(¢,u) = u, at this step, dimension of orbits passes from 0 to 1

2 —¢2
ra(u) = B8 4 ba rg(fu) = &,

rs (6, 1) = %U,g n 252§2§€§u n §§+3§§%5§§352£3§4, ro(l,u) = g_zu n 52.57525356.

Thus, this gives us rational functions and then H-invariant polynomial functions
that are written in terms of the variables &. The elements of U(g, b, 5) obtained
by symmetrization are: X;, X, 2XoX4 — X%, Xe, Xg’ + 3X22X5 —3X2X3Xy
and X2X7 — X3X6.

We have [ X3 + 3X3X5 — 3X2X3X4, X¢] = 3X3 ¢ U(g)as and

[XaX7— X3X6,2X2X, — X3 = 2X3 ¢ U(g)ag. The left action of these elements
on C*(G, H, 3) gives elements of the algebra D(G, H, (3), which is not commutative.

Example 2. Put h = RX; ® RX¢ with 8 = & X7 + £ X§ where & # 0. Since b is
commutative, we apply Theorem 2. The condition g # 0 ensures the coincidence of
the fundamental and generic layers. Analogous calculations as those of Example 1
give the following elements of U(g, b, ) whose images under L belong to D(G, H, 3):
XG, Xl, XQ, X2X7 — X3X6 and 2X4Xg - 2X3X6X7 + X2X72
As in the previous example, the algebra D(G, H, 3) is not commutative, since
[X2X7 — X3X6, 2X4X62 — 2X3X6X7 + XQX'?] = 2X22X62 ¢ U(g)ag

Example 3. Take h = RX; & RXg with 0 = § X + §X{ where £ = 0. Anal-
ogous calculations as those of Example 1 give the following elements of U(g, b, 3):
XG, Xl, X7, X2 and 2X2X4 - Xg

Since [2X2 X, — X3, X7] = —2X3 € U(g)ag, the algebra D(G, H, 3) is not com-
mutative. Here it is interesting to note that our situation is degenerated. However,

we observe that in this example the previous constructions give a non-commutative
family of elements in D(G, H, 3).
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